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{At + A,)U3-A,)H-A,-Ai+A^-i-A^-A^+A,+A,-A,) 
==--{l+iA,-A,)\-. 

Similarly, {At+A,){-A^-A,)=^-i 1+{A,+A,) [;{A-A,) 
{-A,-A,)^-il+'-A,-A,)y- 

.: i{A,+A,){A,-A,) + {A, + A,)i-A,-A,) + iA,-A,) 
(—A —A ) }•=— 4. 

mw{A, + A,){As-A,){-A^-A,) = -{-A,-A,)-{A,-J,) 
{-At-A^^Ai+A, + l+(-A,-A,)==l. 

Hence, (J,+J.5),(.'l3— ^j),(— ^l*— J-e) are the three roots of the 
cubic a;'— a)*— 4,r— 1=0. Call them A, B, O, respectively. 
.-. A^+A6=A\ A,.A,^{Ai+At)=-a 
A,-Ai = B; -A,.Ai = -(A^ ^A,) = -A. 
-A^-A^^C: A^.A,={A,-A,)=.-B. 
Hence, ^, and A^ are the roots of x^—Ax— C=0. 
-A 3 and —Ag are the roots of x^—Bx—A=0. 
—A^ and ~Af are the roots of w^—Ox—B^O. 
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IContinued from the Suptember Number.! 

Given, any triangle (fig.1) ABD right angled at B; prolong DA at any 
point X, and through A erect HAC perpendic^dar 
toAB. 

I say the external angle XAH wiU le 
equal, or less, or greater than the internal and op- 
posite ADB, aecording as is true tJw hypothesis of 
ri^ht angle, or obtuM angle, or acute angle: and in- 
versely. 

Proof. Assume in HC the portion A C 
equal to BD, and join CD. CD will be, in the hy- 
pothesis of right angle (P. HI. ) equal to AB. Wherefore the angle ADB will 
be equal (Eu. I. 8.) to the angle DAC, or to its equal (Eu. I. 15.) to the angle 
XAH. Quod erat primo loco demonstrandum. 

Then, in the hypothesis of obtuse angle, CZ> will be (P. HI.) less than 
AB. 
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Wherefore in the triangle ADB, the angle BAC, or its vertical 
XAH, will be (Eu. I. 25.) less than the angle ADB. Quod orat secundo loco 
demonstrandum. 

While; in the hypothesis of acute angle, CD will be (P. III.) greater 
than the opposite AB. Wherefore in the said triano^lethe angle DAC, or its 
verticJe XAH, will be (Eu. I. 25. ) greater than the angle ADA. Quod erat 
tertio loco demonstrandum. 

But inversely: if the angle CAD, or its vertical XAH, be equal to the 
internal and opposite JZ>5; the join CD vi'iW be (Eu. I. 4.) equal to AB, and 
therefore the hypothesis of right angle will be (P. IV. ) true. 

But if however the angle 6\4Z?,or its vertical XAH, be less, or great- 
er than the internal or opposite ADB; also the join CD will be (Eu. I. 24.) less 
or greater than AB; and therefore (P. IV.) will be true respectively the hypo- 
thesis of obtuse angle, or acute angle Quod omnia erant demonstranda. 

Prop(mtion IX. In any right-angled trian-gle the two aaute angles re- 
maining are taken togetlter equal to one right angle, in the hypothesis of right 
angle; greater than one right aiujle, in tits hypothesis of ohtuse angle; hut less in, 
the hypothesis of acute angle. 

Proof. For if the angle XAH (fig. 7.) is equal to the angle.4Z>5, 
which is certain, from the preceding proposition, in the hypothesis of right an 
gle, then the angle ADB makes up with the angle HAD two right angles, as 
(Fiu. I. 13.) the aforesaid angle XAH makes them up with this angle IIAIi 
being subtracted, the two angles ADB and BAD remuin together equal to one 
right angle. Quod erat primum. 

However, if the angle XAII\% less than the angle ADB, which is cer- 
tain from the preceding proposition, in the hypothesis of obtuse angle, then the 
angle ADB makes up with the angle HAD more than two right angles, since 
with it (Eu. I. 13.) the angle XAH makes up two. Wherefore, the angle 
HAS being subtracted, the two angles ADB and BAD will be together great- 
er than one right angle. Quod erat secundum. 

Finally, if the angle Z^// be greater than the angle ADR, which is 
certain from the preceding proposition in the hypothesis of acute angle, then 
the angle ADB will make up less than two right angles with the angle HAD, 
since with this (Eu. I. 13.) the angle XAH makes up two. Wherefore, sub- 
tracting the right angle HAB, the angles ADB and BAD will be together less 
than one right angle. Quod erat tertium. 



